Various papers have discussed the forward relationships between internal density anomalies of a planet and its external gravity field. The inverse modelling, i.e. finding the internal density anomalies from the external potential is known to be highly non unique. In this research note, we explain how a 3D basis can be built to represent the internal density variations which includes a subset that explicitly spans the kernel of the forward gravity operator. This representation clarifies the origin of the non-uniqueness of the gravity sources and implies the existence of a natural minimal-norm inverse for the internal density. We illustrate these ideas by comparing a tomographic model of the mantle to the minimal norm density.
INTRODUCTION
A problem in geodynamics is to relate the internal density of a planet to its external gravity field. Classically, the internal density We can deduce the coefficients " 4 % as a function of the density spectral components using
where
are Green's functions. These Green functions are simply
if we assume that the planet is spherical (hence the superscript 'S'). This Green function implies that shallow mass anomalies are the most efficient to generate gravity potential anomalies (usually represented as geoid undulations).
Of course, a planet is not spherical. To take into account the surface undulation, the density anomalies can be usefully split into internal densities
$ #
and a surface mass
. This surface mass with spectral components
, is the product of the topographic height with the density at the Earth's surface. Then, at first order, the external potential verifies
Internal interfaces can be taken into account in a similar way by introducing equivalent surface mass anomalies, products of the density jumps at these interfaces by their topographies.
At long wavelength, the planets are close to isostatic equilibrium at least for shallow internal mass anomalies. On the Earth, this equilibrium is reached after a time constant of a few thousand years estimated from modelling the pleistocenic glacial unloading (Cathless 1975) . A simple view of isostasy (see Dahlen (1982) for a detailed discussion of the concept of isostasy) indicates that 
This indicates that shallow mass anomalies (i.e., in the limit
undulations. It also predicts that a dense anomaly at depth should be associated with a geoid low. This is in total opposition to the findings obtained for a spherical non-compensated planet (i.e. when eq. (6) is not verified but one imposes % "%
I H
).
Empirical 3D basis for the density
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Isostasy is a very good approximation for shallow masses but, of course, compensation departs from isostasy for deep seated masses which means that eq. (6) must be replaced by a more general rule. Various papers (Ricard et al. 1984; Richards and Hager 1984) have shown that a generalization of the isostatic rule that takes into account sphericity, self-gravitation and the presence of internal interfaces (i.e., the Moho, the Core Mantle Boundary...) can be obtained for a viscous planet with radial rheological properties. In this theory, the topographies involved in the expression of the potential (as in eq. (5)) are computed from the internal density by solving for the mantle flow using a newtonian viscous law with continuities of the velocity, gravity and stress vector at the interfaces. This enables to write " ' % in the same way as in eq. (3) with a new Green function
where the superscript reminds that this dynamic compensation model involves the viscosity profile of the mantle ¢ . Using this approach, a good fit to the observed Earth's geoid can been obtained assuming that the internal density of the Earth is related to the observed 3D seismic velocity structure of the mantle (Forte and Peltier 1987; Hager and Clayton 1989; Ricard et al. 1993) . Moreover, the geoid, at least at the lowest degrees 2 and 3, is not explained by mass anomalies in the upper mantle since these are compensated by topography anomalies. More general attempts have used 3D viscosity structures (Zhang and Christensen 1993) or even have tried to remove the necessity of prescribing a rheology (Valette and Chambat 2004) . However the most successful explanations of the Earth's geoid are using the simplest model where the rheological properties do not vary laterally.
THE INVERSE PROBLEM
It is well known that the inverse gravitational problem, i.e., finding the density structure This was done for a purely spherical planet, i.e., inverting eq. (3) assuming eq. (4), (Dufour 1977) , but, to our knowledge has never been discussed when the more appropriate
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Green function is used.
This Lanczos-type approach is to built a 3D basis
to represent the internal structure of a planet (the density, but also the seismic P and S velocities...) in such a way that a subset of this basis is also a basis of the null space of the forward gravity operator.
Let us choose
, the ortho-normalization of this basis means that 
Of course, we can easily take advantage of our understanding of the gravity field of the Earth by 
and deduce the constants and ¡ § f rom the equations (orthogonality and normalization) 
By combining the definitions of the minimal density eq. (17) with that of the potential, eq. (5), we obtain
